I. ANALYSIS OF THE IDEAL DEVICE
We start our analysis of the qubit-programmable operation with the amplification in the Optical Parametric Amplifier (OPA). Its action is described by the operator:
where Γ= tanh g, and C = cosh g. By acting with the operator (1) on the input |n 0 |0 1 , we find:
We develop the exponential as a power series:
which describes the output from the OPA. Subtraction is implemented by means of a beam splitter (BS) with transmissivity t 1, and reflectivity r ≤ 1, which couples the input mode 0 with a vacuum mode 2:
Mode 1 and mode 2 are superposed on a single spatial mode, by mapping mode 2 into its horizontal (H) polarisation, and mode 1 into the vertical (V ) polarisation. These modes are denoted as H1 and V 1 We now add the qubit h |H + v |V , which is written in the dual-rail representation as:
Spatial interference between mode 1 and the qubit mode is realised on a symmetric BS:
and the transform for the V -polarisation are defined analogously.
These formulae allow us to study the interference between the output state (4) with the qbit (5); for the sake of simplicity, we
which is transformed by the action of the BS (6) as
The indexes k, y, j, x must be fixed in such a way to give a non-zero product with 1| H1 0| H2 0| V 1 1| V 2 . For this, it is required that either k=y=0, j=1, x=0 or j=x=0, k=1, y=1; the two index set correspond to the second term (in −h) and to the third term (in v), respectively. If we now substitute these indexes in Eq. (4), we obtain:
The product with 0| H1 1| H2 1| V 1 0| V 2 delivers a similar expression.
Eq. (8) allows us to write explicitly the tensor process of the qubit-programmable operation. A generic quantum process from an input state to an output state is described by a linear map = E( ). The action of the map E in the Fock basis can be represented as:
where E n,m l,k is the tensor process. The diagonal elements E n,n l,l of the tensor represent the transfer of population from the input to the output, while the remaining elements describe the evolution of coherence terms. The tensor E n,m l,k for the process described in Eq. (8) can be written as:
(10)
II. ANALYSIS WITH NON-IDEAL DETECTORS
We calculate the next-order correction when we introduce loss before the detectors. We assume that the efficiency η is the same for all the devices, and that these retain their number-resolving ability in full. We isolate a single term in Eq. (7), which we write in the general form
(11)
The effect of loss is modelled by a beam splitter of transmissivity √ η, and we denote the loss modes asl † H1 , and so on. The expression is modified as
where we selected the useful post-selection events with a single photon each on the H1 and V 2 modes, and none on the H2 and the V 1 modes. The partial trace on the loss modes lead to a pre-factor
which takes into account the probability amplitude associated to each event.
We consider the events with one photon in excess with respect the desired number: |2 H1 |0 H2 |0 V 1 |1 V 2 , |1 H1 |1 H2 |0 V 1 |1 V 2 , |1 H1 |0 H2 |1 V 1 |1 V 2 , and |1 H1 |0 H2 |0 V 1 |2 V 2 , i.e., we insert in Eq.(12) and Eq.(13), α=2, β=0, γ=0, δ=1, and so on, excluding the cases with no physical meaning for the indexes k, y, j, x. The results are summarised in the Table, where the sets of unphysical indexes are written in red.
These indexes deliver the corrections to the leading term (8) (which now appears with an overall probability amplitude η):
for 2,0,0,1,
for 1,1,0,1,
for 1,0,1,1,
for 1,0,0,2,
(α, β, γ, δ)= (2,0,0,1) (1,1,0,1) (1,0,0, 
